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The diffuse neutrino flux measured in IceCube is comparable with the ultrahigh-energy cosmic
ray (UHECR) flux, which has led to the concept of a unified origin of high-energy neutrino and
UHECR backgrounds. We construct a generic unification model of sources to explain UHECR data
at & 1019 eV, and high-energy neutrinos with energies that exceed ∼ 100 TeV in the framework
of photo-meson production processes, and provide general constraints on the source properties. A
source environment with moderately efficient in-situ production of & 100 TeV neutrinos with an
optical depth of 0.1 . τpγ . 0.6 must be realized to accelerate cosmic rays to ultrahigh energies.
The measured fluxes of cosmic rays and neutrinos set a bound on the source luminosity and its
rate density. Although the results are rather general and applicable to unknown source population,
among the proposed source candidates, low-luminosity gamma-ray bursts (GRBs) and tidal disrup-
tion events (TDEs) could satisfy the requirements if the Lorentz bulk factor of plasma outflow and
the equipartition parameters for cosmic rays and magnetic field are appropriately selected.
PACS numbers: 98.70.Sa, 95.85.Ry
I. INTRODUCTION
The detection of cosmic neutrinos in the energy range
from ∼ 10 TeV to ∼ PeV by the IceCube Neutrino Ob-
servatory [1–4] raises interesting questions. The observed
energy flux of high-energy neutrinos seems to be com-
parable to that of ultrahigh-energy cosmic rays (UHE-
CRs) at & 1019 eV. Is the origin of high-energy neu-
trinos related to the UHECR sources? Is the compara-
bility of neutrino and UHECR fluxes a consequence of
yet-unknown common astrophysical phenomena? Sev-
eral studies have been reported in the literature to probe
these questions, mainly in the framework of hadronuclear
(pp) collisions inside cosmic-ray reservoirs [5] – jetted
active galactic nuclei (AGN) embedded in clusters and
groups of galaxies [6], starburst galaxies [7, 8], or phe-
nomenological setups used for UHECR observations [9].
Remarkably, these cosmic-ray reservoir models can even
explain the diffuse isotropic gamma-ray background in
the sub-TeV range, measured by the Fermi satellite [6, 8].
High-energy neutrinos can be produced, including by
photohadronic interactions (pγ) inside cosmic-ray emit-
ters (e.g., Ref. [10]). The photo-meson production pro-
cess may occur simultaneously or in succession to the
∗ syoshida@hepburn.s.chiba-u.ac.jp (S. Yoshida)
† murase@psu.edu
acceleration of cosmic rays. If the power of cosmic-ray
particle emitters is sufficiently large, it is indeed possi-
ble to emit both & 100 TeV neutrinos and UHECRs.
Various astrophysical models have been investigated,
which include classical high-luminosity (HL) gamma-ray
bursts (GRBs) [11, 12], low-luminosity (LL) gamma-ray
bursts [13–15], new-born magnetars [16–18], tidal disrup-
tion events (TDEs) [19–21], and blazars [22–26].
In this report, we examine a generic unification model
to account for observed neutrinos with energies greater
than 100 TeV and UHECRs in the photo-meson produc-
tion scheme. The cumulative neutrino background flux
is estimated analytically using parameters to character-
ize sources such as the photon luminosity and the source
number density. The UHECR flux is also estimated semi-
analytically by considering their collisions with back-
ground photons in intergalactic space. We also derive
the source requirements for the acceleration of cosmic-
ray protons to ultrahigh energies, and transform them
into the criteria of the parameters relevant to high en-
ergy neutrino emissions such as the optical depth of pγ
interactions. The estimated fluxes of neutrinos and UHE-
CRs from sources that satisfy these criteria are compared
to the measured flux at 100 TeV . Eν . 10 PeV and its
upper limit at Eν & 100 PeV by IceCube, as well as
the measurement of UHECRs at 1019 eV. The resultant
constraints on the parameters of general source charac-
teristics are presented. We finally describe a case study
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2for specific astronomical objects such as LL GRBs.
In this work, we use E for the observed energy, ε =
(1 + z)E is the energy in the engine frame (or the rest
frame of the Hubble flow), and ε′ represents the energy in
the comoving frame of the plasma outflow. The standard
ΛCDM cosmology with H0 = 73.5 km s
−1 Mpc−1, ΩM =
0.3, and ΩΛ = 0.7 is assumed throughout the report.
II. CONSTRAINTS DUE TO SOURCE
MODELING
A. UHECR acceleration and survival
In the unification model of UHECRs and IceCube neu-
trinos, the source to emit & 100 TeV neutrinos must
also be capable of accelerating cosmic rays to UHEs
(Ei & 1020 eV) by definition. Some of the required condi-
tions for classification as UHECR emitters are described
by relatively simple formulas.
Let us consider a source with an acceleration and emis-
sion region that is given by R measured in the cen-
tral engine. We also denote the bulk Lorentz factor of
this source by Γ. For the source to account for the
UHECR acceleration, the cosmic ray acceleration time
scale, t′acc = ηε
′
i/(ZeB
′
c), must be faster than the dy-
namical time scale, t′dyn ≈ R/(Γβc). In this case, ε′i is
the cosmic ray ion energy in the plasma rest frame, B′
is the comoving magnetic field strength, Z is the atomic
number of the cosmic ray ions, β is the characteristic ve-
locity in the source, and η−1 ≤ 1 represents the efficiency
of particle acceleration. The condition is transformed to
the well-known formula [27, 28],
L′γ ≥
1
2
ξ−1B cη
2β2
(
εmaxi
Ze
)2
(1)
' 1.7× 1045 erg/s ξ−1B η2β2
(
εmaxi
Z1011 GeV
)2
,
which is equivalent to the Hillas condition in the limit
of η → β−2. In this case, εmaxi ≈ Γε′maxi is the maximal
energy of UHECRs accelerated at the sources. For a
given comoving radiation luminosity L′γ , the magnetic
energy density in the plasma rest frame, U
′
B, is given by
U
′
B = ξB
L′γ
4piR2c
= ξB
Lγ
4piΓ2R2c
(2)
where ξB is the equipartition parameter. For example,
the modeling of GRBs and blazars typically suggests
ξB ∼ 10−4 − 1. As a reference value, the maximum
ion energy is set to εmaxi = 10
11 GeV thorough this
work. Indeed, the best fit value for the Auger data is
1010.9 GeV [29], so our choice is conservative but rea-
sonable. We also assume the most efficient acceleration
case (η = 1) and a transrelativistic or relativistic source
(β = 1).
UHECRs must be accelerated before cooling via all
energy loss processes including synchrotron cooling, i.e.,
t′acc < t
′
cool, where the cooling time (in the plasma rest
frame) is t′−1cool = t
′−1
syn + t
′−1
pγ + t
′−1
BH + t
′−1
dyn, where t
′
pγ and
t′BH are the photo-meson production and Bethe-Heitler
(BH) energy loss time scales, respectively. The last loss
time scale represents adiabatic losses. For a power-law
target spectrum, the Bethe-Heitler process is important
only if the spectrum is softer than αγ ∼ 2.2 − 2.3 [30].
Therefore, we mainly consider cases wherein the BH pro-
cess is subdominant. The synchrotron cooling time in
the plasma rest frame is
t′−1syn =
4
3
U
′
BσT c
Z4
A4
1
mpc2
(
εi
Γmpc2
)(
me
mp
)2
(3)
=
4
3
ξBσTL
′
γ
4piR2
Z4
A4
1
mpc2
(
εi
Γmpc2
)(
me
mp
)2
,
where A is the mass number of cosmic ray ions. By
requiring t′acc < t
′
syn at the maximum ion energy in the
engine frame (εmaxi ), we obtain
B′ <
A46piem4pc
4
Z3σTm2e
Γ2
(εmaxi )
2 . (4)
In addition, we have another condition to ensure the
escape of UHECRs. To ensure that UHECRs can leave
the sources before losing their energies via synchrotron
cooling, the escape time scale t′esc must be faster than
t′syn. In general, the escape time is model dependent
and can be long at lower energies. For conservative es-
timates, we hereafter assume that the escape time scale
is comparable to the dynamical scale in the relativistic
environment of the UHECR acceleration site under con-
sideration. This is possible if the escape boundary is com-
parable to the system size and the magnetic field decays
within the dynamical time (see discussion in Ref. [31]).
By regarding this “survival” condition as a necessary con-
dition (t′dyn < t
′
syn), we obtain:
B′ <
6piA4m4pc
9/2
Z4σTm2e(2ξBL
′
γ)
1/2
Γ2
εmaxi
. (5)
We utilize Eqs. (1), (4) and (5) as theoretical con-
straints. We focus on the proton case, i.e., Z = A = 1,
and discuss the cases of nuclei later.
B. Photo-meson production
Neutrino emission by the photo-meson production pro-
cess is characterized by the environment of the target
3photons. We start to build our generic framework by
defining the reference energy of photons εγ0 in the en-
gine frame. Given that a major fraction (but not neces-
sarily all) of photo-meson production in pγ interactions
occurs around the ∆ resonance region (including direct
pion production via the t-channel), we introduce the ref-
erence “resonating” energy as
ε˜p0(s) ≈
(s−m2p)
4
Γ2
εγ0
, (6)
where s is the Mandelstam variable. In particular,
we define ε˜∆p0 ≡ ε˜p0(s∆), where s∆ ≈ (1.23 GeV)2
is the square of invariant mass of the pγ collisions at
the ∆(1232) resonance. Primed (’) characters represent
quantities measured in the rest frame of plasma with the
Lorentz bulk factor Γ. In the present model we approxi-
mate the target photon spectrum to be
dnγ
dε′γ
=
K ′γ
ε′γ0
(
ε′γ
ε′γ0
)−αγ
, (7)
where αγ is the photon index, where we focus on
αγ ≥ 1. The normalization photon density K ′γ is bolo-
metrically connected to the source photon luminosity
L′γ ≈ Lγ/Γ2 by
L′γ = 4piR
2c
εmaxγ∫
εminγ
dnγ
dε′γ
ε′γdε
′
γ . (8)
We have
K ′γ =
L′γ0
4piR2cε′γ0
=

L′γ
4piR2cε′γ0
αγ−2
x
−αγ+2
d −x
−αγ+2
u
(αγ 6= 2)
L′γ
4piR2cε′γ0
1
ln
(
ε′maxγ
ε′minγ
) (αγ = 2),
(9)
where the two parameters xd = (ε
′min
γ /ε
′
γ0) and xu =
(ε′maxγ /ε
′
γ0) represents the boundary of the main pho-
ton emission energy range that appear in the luminosity
estimation, Eq. (8). In this case, one determines the re-
lationship between the bolometric luminosity L′γ and the
reference luminosity L′γ0 [32].
The optical depth to the photo-meson production is
given by (see also Eq.(6) of Ref. [33]))
τpγ(ε
′
p) =
2
1 + αγ
L′γ0
4piRΓcε′γ0
∫
ds
σpγ(s)
s−m2p
(
ε′p
ε˜′p0(s)
)αγ−1
(10)
where ε′p ≈ εp/Γ and σpγ is the photo-meson pro-
duction cross-section. Using the approximation σpγ ≈
(s∆ − m2p)σ¯∆δ(s − s∆) (where σ¯∆ ∼ 3 × 10−28 cm2 is
the cross-section averaged over the resonance range), we
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FIG. 1. The relationship between the comoving magnetic field
strength B′ and the comoving photon luminosity L′γ ≈ Lγ/Γ2.
The solid line displays the case when 1 − exp (−τpγ0) = 0.4
(corresponding to τpγ0 ∼ 1), which is the most optically thick
case allowed by the UHECR escape condition. The dashed
line shows the B′−L′γ relationship when 1−exp (−τpγ0) = 0.1
(corresponding to τpγ0 ∼ 0.1).
reproduce the known results (e.g., Refs. [11, 34, 35] with
inelasiticity taken into account). Using this resonance
approximation, the preceding equation is rewritten as
τpγ(εp) ≈ 2
1 + αγ
L′γ0
4piRΓ2c(ε′γ0/Γ)
(
εp
ε˜∆p0
)αγ−1 ∫
ds
σpγ(s)
s−m2p
(11)
This approximation is valid for αγ & 1, and for αγ ∼ 1
there is an enhancement by a factor of 2 − 3 due to
multipion production [36]. Since Eν ∼ 1 PeV neutri-
nos originate from εp ≈ (1 + z)20 PeV protons (where z¯
is the typical source redshift), we use ε˜∆p0 as the reference
proton energy (in the engine frame), which is fixed to
ε˜∆p0 = 10 PeV. In this case, one should consider that this
implicitly requires target photons that can resonantly in-
teract with protons with an energy of 10 PeV. As such,
ε′γ0 has an implicit Γ dependence via Eq. (6). We have
εγ0 ≈ 16 Γ2(ε˜∆p0/10 PeV)
−1
eV. (12)
As a result, one can see from Eq. 11 that τpγ(ε˜
∆
p0) ≡
τpγ0 ∝ LγΓ−2(εγ0)−1R−1 ∝ L′γΓ−1(ε′γ0)−1R−1 ∝
L′γΓ
−2R−1ε˜∆p0.
The emission radius R appears in Eq. (11), but it can
be eliminated via Eq. (2). For a given value of ε˜∆p0, as
R ∝ L′γ/τpγ0/Γ2 and U
′
B ∝ ξBL′γ/R2, the magnetic field
4strength must satisfy
B′/Γ2
τpγ0
√
ξB/L′γ
= C(αγ , ε˜
∆
p0)
−1
, (13)
where C(αγ , ε˜
∆
p0) is a constant that depends on the
photon index. For σ¯∆ ∼ 3× 10−28 cm2, we have
C(αγ , ε˜
∆
p0) ∼ 2.4× 10−24 erg−1 cm3/2 s1/2
×
(
2
1 + αγ
)(
ε˜∆p0
10 PeV
)(
5L′γ0
L′γ
)
. (14)
The source model has been constructed such that for
a given L′γ and Γ, the pγ interaction site radius R can
arbitrarily vary to realize various values of τpγ0 and B
′
(assuming a value of the equipartition parameter ξB)
via Eqs. (11) and (2). This enables us to eliminate the
model dependence on R that is often very uncertain (see
Refs. [36, 37] for GRBs). Eq. (13) can further be com-
bined with the conditions for UHECR acceleration and
survival. The explicit independent parameters for this
construction are then L′γ , Γ, and τpγ0, as well as the sub-
parameters ξB and αγ .
With Eqs. (4) and (13), one of the UHECR accelera-
tion conditions gives the following upper limit on the pγ
optical depth:
τpγ0 <
C(αγ , ε˜
∆
p0)6piem
4
pc
4
σTm2e
A4
Z3
(
L′1/2γ
ξ
1/2
B (ε
max
i )
2
)
. (15)
By applying the UHECR escape condition (5) to the
optical depth formula, Eq. (11), we can obtain the con-
dition for τpγ0 without explicitly depending on L
′
γ and Γ
as:
τpγ0 <
2
1 + αγ
(∫
ds
σpγ
s−m2p
)
3A4m4pc
4(L′γ0/L
′
γ)
4Z4σTm2e(ε
′
γ0/Γ)
1
ξBεmaxi
. 6× 10−2 2
1 + αγ
ξ−1B
(
A
Z
)4(
εmaxi
1011 GeV
)−1
(16)
It should be noted that ε′γ0/Γ = (s∆ − m2p)/4ε˜∆p0 and
thus, this bound is Γ independent.
Fig. 1 displays this dependence for two representative
cases for τpγ0 – the optical depth of protons with energy
ε˜∆p0 = 10 PeV.
It should be noted that the UHECR acceleration and
survival conditions require that t′acc < t
′
pγ and t
′
dyn <
t′pγ should also be satisfied. The latter condition means
that the system should not be calorimetric to the sources
to simultaneously account for the IceCube neutrino and
UHECR fluxes. Therefore, we have
τpγ0 ≤ τpγ(εmaxp ) . 1/κpγ ∼ 5, (17)
where κpγ ∼ 0.2 is the proton inelasticity. In the cases
whereby αcr ≥ 2, this condition is satisfied by the diffuse
flux measurements (see below), so that tacc < tdyn < tpγ
is automatically fulfilled.
III. CONSTRAINTS DUE TO DIFFUSE UHECR
AND NEUTRINO FLUXES
An important observation is that the energy genera-
tion rate densities of UHECRs and neutrinos are com-
parable [7, 38]. The detailed comparison of these fluxes
constrains the parameter space of the unification model.
A. Neutrino spectra with radiative cooling of
mesons and muons
The flux of high-energy neutrinos for a given optical
depth τpγ0 has been calculated using various analytical
and numerical methods. In this work, based on Ref. [33],
we outline the analytical formulation and its minor modi-
fications to account for the synchrotron cooling of mesons
and muons.
The spectrum of UHECRs injected from the UHECR
sources is assumed to follow a power-law form, which is
dN˙CR
dεi
=
KCR
εi0
(
εi
εi0
)−αCR
e−εi/ε
max
i , (18)
where εi0 is the reference energy that can be set to
ε˜∆p0 for protons. The normalization factor, KCR, of the
UHECR yield (with a dimension of [s]−1) is linked quasi-
bolometrically to the photon luminosity Lγ with the CR
loading factor ξCR:
KCR ≈

(αCR−2)ξCRLγ/εi0
(
εmin
i
εi0
)−αCR+2−( ε
max
i
εi0
)−αCR+2
(αCR 6= 2)
ξCRLγ/εi0
ln
(
εmax
i
εmin
i
) (αCR = 2).
(19)
Assuming that UHECRs are protons, we set εmini =
ε˜∆p0 = 10 PeV hereafter.
In general, if pions and muons decay into gamma rays
and leptons without energy loss, the differential neu-
trino luminosity from a single source, dN˙ν/dεν is formally
given by [26, 39]
dN˙ν
dεν
≈
∫
dεi
dN˙CR
dεi
∫
dε′γ
dnγ
dε′γ
〈
dσpγξν
dεν
(εi, ε
′
γ)
〉
ct′cool,
(20)
where d(σpγξν)/dεν is the differential cross-section
with the multiplicity ξν taken into account. Given that
5we focus on t′cool ≈ t′dyn, with the energy dependent opti-
cal depth τpγ ≈
∫
dε′γ(dnγ/dε
′
γ)〈σpγ〉ct′dyn, the preceding
equation is approximated to be [33]
dN˙ν
dεν
≈
∫
dεi
KCR
εi0
(
εi
εi0
)−αCR
Y (εν ; εi)τpγ(εi). (21)
In this case, Y (εν ; εi) denotes the energy distribution
of the neutrinos produced by an interaction of a cosmic
ray proton. The details of the expression for Y are given
in Appendix A (see also Refs. [40, 41] for another analyti-
cal approximation). It should be noted that the neutrino
spectrum cannot be harder than ∝ ε0ν [35, 42].
The radiative cooling of pions and muons is important
when the cooling time becomes “shorter” than the de-
cay time [11, 43], provided that their escape time from
the turbulent magnetic field region is much longer. In
general, various processes such as inverse Compton and
adiabatic losses can be relevant. We consider the case
of synchrotron dominance. The ratio of the synchrotron
cooling time to the decay time can be written as
t′pi/µ,syn
t′pi/µ,dec
=
(
εsynν,pi/µ
εν
)2
, (22)
where t′pi/µ,syn is the synchrotron time scale of pions
(muons), t′pi/µ,dec = [ε
′
pi/µ/(mpi/µc
2)]τpi/µ is the lifetime
of pions and muons, and τpi/µ is their proper lifetime.
In addition, εsynν,pi/µ is the critical neutrino energy of a
pion (or muon), above which the suppression due to syn-
chrotron cooling is relevant. The critical energy is given
by [11, 44]
εsynν,pi/µ ≈ Γκpi,µ
√
6pi
τpi,µσT cB′2
(mpi/µc2)5
(mec2)2
, (23)
where κpi,µ is the inelasticity from pion (muon) to a
neutrino in the decay process. In this work, κpi is ap-
proximated by ∼ 1− rpi [42], where rpi = m2µ/m2pi ' 0.57
is the muon-to-pion mass-squared ratio. The other frac-
tion goes to a muon and κµ is approximated as ∼ 0.3.
In the synchrotron cooling energy regime, i.e.,, εν ≥
εsynν , the neutrino yield is suppressed by t
′
pi/µ,syn/t
′
pi/µ,dec.
Introducing fsup(εν) = 1 − exp(−t′pi/µ,syn/t′pi/µ,dec) [40,
41], the neutrino yield, Eq. (20), is modified as
dN˙ν
dεν
≈
∫
dεi
KCR
εi0
(
εi
εi0
)−αCR
τpγ(εi)Y (εν ; εi)fsup(εν).(24)
The break energy of the neutrino flux due to syn-
chrotron cooling is given by Eq.(23) and scales as εsynν ∝
ΓR/
√
L′γ . Since the optical depth τpγ0 scales as ∝
L′γ/(RΓ
2), we get εsynν ∝
√
L′γ/(Γτpγ0). Thus, the upper
limit of the neutrino flux in the energy region beyond 10
PeV for IceCube [45] can constrain L′γ , Γ and τpγ0.
B. Calculations of diffuse intensities
Assuming emission from standard candles (i.e., identi-
cal sources over redshifts), the energy flux of diffuse neu-
trinos from UHECR sources across the universe, Φν ≡
dJν/dEν , is calculated by (e.g., [35])
E2νΦν(Eν) =
c
4pi
∫ zmax
0
dz
1 + z
∣∣∣∣ dtdz
∣∣∣∣
[
ε2ν
dN˙ν
dεν
(εν)
]
n0ψ(z),
(25)
where dN˙ν/dεν is the neutrino spectrum per source,
which is calculated in the previous subsection, and Eν =
εν/(1 + z) ≈ Γε′ν/(1 + z). The comoving number den-
sity of UHECR sources is represented by n0ψ(z) with
the local source density at z = 0, n0, and its cosmolog-
ical evolution factor ψ(z). For transient sources such as
GRBs, n0 is effectively given by n0 = ρ0∆T , where ρ0
and ∆T are the rate density and the duration of neutrino
emission at the sources.
The evolution factor ψ(z) is parameterized as (1+z)m
such that the parameter m represents the “scale” of the
cosmological evolution that is often used in the litera-
ture. In this work, the source evolution is assumed to be
compatible with the star formation rate, which is consis-
tent with the constraints on cosmogenic neutrinos with
extremely-high energy (EHE) analysis by IceCube [46].
Following Refs. [47, 48], we parameterize ψ(z) as
ψ(z) ∝
{
(1 + z)3.4 (0 ≤ z ≤ 1)
constant (1 ≤ z ≤ 4) . (26)
Based on Eq. (17), ε2i (dN˙CR/dεi) can essentially be
regarded as the luminosity of injected cosmic rays.
Then, n0ε
2
i (dN˙CR/dεi) corresponds to the UHECR lu-
minosity density that is known to be Ei(dQCR/dEi) ≈
1043.8 erg Mpc−3 yr−1 [7, 38]. The diffuse neutrino
flux measurements suggest that the energy generation
rate density of neutrinos is comparable, Eν(dQν/dEν) ≈
1043.3 erg Mpc−3 yr−1 [38]. Both the UHECR and
the neutrino diffuse fluxes scale as ∝ n0εi0KCR ∼
n0ξCRLγ ≈ n0ξCRL′γΓ2. It is convenient to introduce
the boosted source number density defined as
NΓ ≡ n0ξCRΓ2
= ρ0∆TξCRΓ
2. (27)
The UHECR and neutrino intensities are then propor-
tional to NΓ for a given comoving photon luminosity L′γ .
It should be noted that QCR(> 10 PeV) = L
′
γNΓ =
ξCRLγn0. The full description of Φν with the present
analytical formulation is given in Appendix A.
Fig. 2 shows an example of the UHECR and neutrino
fluxes derived using the presented generic model. This
realization of the fluxes displayed in Fig. 2 is associ-
ated with a scenario that is consistent with the UHECR
6dJ dE
E
2
=1Γ
Γ=300
ν ULIceCube
= 2.2
= 1.0
ξ = 0.1γ
α
B
CRα
[G
eV
/(c
m 
 se
c s
r)]
2
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Energy [GeV]
FIG. 2. An example of the UHECR nucleon and the all-flavor-
sum neutrino fluxes from UHECR sources calculated using the
presented analysis. The case of αCR = 2.2, αγ = 1.0, ξB = 0.1
is shown, assuming star formation rate-like evolution. The co-
moving L′γ is set to 4.5 × 1046 erg/s and the boosted source
number density NΓ (Eq. 27) is 1× 10−9 Mpc−3. The optical
depth τpγ0 is 0.30 in this example, which gives a magnetic
field of B′ = 0.91Γ2 G with ξB = 0.1. The black points repre-
sent the IceCube neutrino measurements [49] and the shaded
region represents the flux space, consistent with the IceCube
diffuse νµ data [4]. The solid curve labeled as (IceCube ν UL)
is the differential EHE bound for IceCube [45]. The cosmic
ray data measured by IceTop [50], PAO [51] and TA [52] are
also displayed.
and IceCube data. We discuss the allowed parameter
space in the next section. It should be noted that the
1/Γ dependence of the neutrino cut-off energy due to
the pion/muon synchrotron losses is also observed in this
plot.
The spectrum of the UHECR protons after their prop-
agation through intergalactic space to reach the Earth
is calculated using a similar analytical technique. The
details will be described in Appendix B.
C. Observational constraints
The predicted neutrino and UHECR spectra must be
consistent with their observations. Qualitatively, the
UHECR energy budget constrains the product of L′γ and
NΓ, whereas the neutrino energy budget determines the
product of τpγ0 and L
′
γNΓ. To quantify this consistency,
we introduce the following criteria in the present study.
(a) The integrated UHECR proton flux above 10 EeV,∫
10EeV
dEidJCR/dEi, is less than the measurement
by Auger, 8.5 × 10−19 /cm2/s/sr [51]. Consider-
ing the uncertainties associated with the UHECR
mass composition, we only request these bolomet-
ric requirements of the UHECR flux to be conser-
vative with respect to imposing bounds on the rele-
vant parameter space. The results for the required
UHECR energy generation rate density are consis-
tent with those obtained based on detailed numer-
ical simulations considering the uncertainties.
(b) The neutrino flux intensity at 100 TeV and the
spectral power law index are within the 99 % C.L.
range obtained by the diffuse νµ data measured by
IceCube [4] .
(c) The all-flavor-sum neutrino flux at 100 PeV is less
than 2×10−8 GeV/cm2/s/sr, the limit obtained by
the IceCube EHE analysis [45].
(d) The neutrino flux at 6 PeV is above 2 × 10−9
GeV/cm2/s/sr, determined by the 6 PeV energy
neutrino detection by IceCube [45].
IV. CONSTRAINTS ON UHECR AND
NEUTRINO EMITTERS
Four constraints from UHECR acceleration (Eqs. 1
and 15), UHECR escape (Eqs. 16 and 17) based on the
physics of photo-meson production, and diffuse UHECR
and neutrino flux measurements, allow us to constrain
generic unification models for photohadronic neutrinos.
We present the results in the following.
A. Cases of fiducial neutrino spectra
The left plot of Fig. 3 displays the luminosity and the
optical depth constraints for the spectral power law in-
dex of UHECRs αCR = 2.2 and that of the target pho-
tons αγ = 1.0. Given that the neutrino spectrum follows
∝ E−(αCR−αγ+1)ν ∼ E−2.2ν (see Eq. (A3)), they represent
the case of neutrino spectra with αν > 2, which is close
to the index suggested by IceCube observations. The
optical depth τpγ0 & 0.1 is required because the IceCube
neutrino energy flux is compatible with the UHECR flux.
As seen in Fig. 2, the margins for the neutrino fluxes to
be consistent with both the neutrino and UHECR obser-
vations are small when the primary UHECR spectrum is
as hard as αCR . 2.2. Since L′γNΓ ∝ n0KCR, the range
of the luminosity per unit volume, L′γNΓ, is bounded
by the UHECR flux and the IceCube neutrino flux con-
nected by the optical depth τpγ0. This is an expanded
way of presenting the bounds leading to the frequently
referenced Waxman-Bahcall limit [53]. The tight con-
straint is also consistent with the results in Ref. [33]. The
resultant range of the source luminosity per unit volume
is ∼ (3− 15)× 1044 erg Mpc−3 yr−1. This is comparable
with the integrated UHECR luminosity per unit volume
at z = 0 above 1018 eV [54].
However, the UHECR escape condition, Eq. (16), pre-
vents large optical depths unless the magnetic field is
weaker than expected from the equipartition condition
ξB = 1. The bound of τpγ0 . 0.06 derived by Eq. (16)
with the equipartition condition ξB = 1 is obviously in-
consistent with the shaded region in the left plot of Fig. 3.
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originate from the uncertainties on the mass composition and Galactic to the extragalactic transition of UHECRs [38]. The
vertical line represents the bound on τpγ0 by the UHECR escape condition, Eq. (16) when ξB = 0.1. The maximal bound of
L′γNΓ is determined by the condition whereby the proton flux from sources should not exceed the measured flux of UHECRs.
The lower bound is driven by the intensity of neutrinos measured by IceCube. (Right) The allowed region on the plane of the
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8Relaxation of the criteria for proton synchrotron cooling
by setting ξB ∼ 0.1 can open an allowed space of the
parameters, L′γNΓ and the optical depth τpγ0. We found
that the cases of even harder UHECR source spectrum,
i.e., αCR . 2.1 is nearly excluded for a reasonable range
of the magnetic field strengths that are expected due to
ξB & 0.1. Given that the upper bound of τpγ0 required
by the UHECR escape condition scales as 1/εmaxi , (c.f.
Eq. (16)), setting εmaxi  1011 GeV relaxes these con-
straints.
We also found that the allowed range of optical depths
is limited, yielding 0.1 . τpγ0 . 0.6 for a given value
of ξB ∼ 0.1, and it is even more severely constrained if
ξB  0.1. This is nearly a universal bound regardless of
the UHECR spectral index if αCR . 2.3.
The right plot of Fig. 3 shows the allowed parameter
space on the source luminosity in the plasma rest frame
L′γ and the boosted source number density NΓ. For the
requirement of the luminosity condition, Eq. 1, the uni-
fied sources must be relatively rare, NΓ . 10−9 Mpc−3.
This is a well-known consequence of the UHECR energy
budget argument. The minimal value of L′γ in the shaded
region is determined by the synchrotron cooling condi-
tion, t′acc < t
′
syn, Eq. (15), but the lower bound of L
′
γ
demanding t′acc < t
′
dyn, Eq. (1), is more stringent.
We note that these constraints in the plane of lumi-
nosity per unit volume and the optical depth, and the
plane of L′γ–Nγ are nearly independent of the plasma
bulk Lorentz factor Γ. Thus, they are universal condi-
tions that any class of sources in a unification scheme
should satisfy.
The constraints on the source luminosity per unit vol-
ume L′γNγ can be relaxed for the case of the soft UHECR
(and thus neutrino) spectra. Fig. 4 displays an exam-
ple, αCR = 2.5. Since the margin between UHECR
and the neutrino fluxes increases if the UHECR proton
spectrum is steeper, the luminosity per volume can be
& 3×1045 erg Mpc−3 yr−1. The sources that satisfy this
requirement for CRs include galaxies, AGNs, and, galaxy
clusters [38].
B. Cases of hard neutrino spectra
Although cases of harder UHECR spectra, i.e., αCR .
2.1 are nearly eliminated, a scenario that predicts hard
neutrino spectra with αν . 2.0 is more realistic if
the target photon spectrum is softer as αγ & 1.3. It
should be noted that the neutrino spectrum follows ∼
E
−(αCR−αγ+1)
ν according to Eq. (A3). A hard neutrino
spectrum like ∼ E−2ν cannot extend well above 100 PeV
and should attenuate at a point below this value, given
that the spectral extension to  PeV with a E−2ν -like
power-law flux has been eliminated by the IceCube EHE
limit (see Fig. 3 of Ref. [46]). The spectral fall-off be-
havior of the neutrino spectrum is naturally expected
when strong synchrotron cooling occurs. As discussed
earlier, since the characteristic synchrotron cut-off en-
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FIG. 5. An example of scenario for hard neutrino flux. αCR =
2.3 and αγ = 1.5. The comoving L
′
γ is set to 5.0 × 1048
erg/s and the boosted source number density NΓ (Eq. 27)
is 1 × 10−9 Mpc−3. The optical depth τpγ0 is 0.10 in this
particular example, we have a magnetic field of B′ = 0.26Γ2 G
with ξB = 0.1.
ergy of neutrinos is εsynν ∼
√
L′γ/(Γτpγ0), a lower energy
cut-off via synchrotron cooling is realized in relativistic
plasma flow i.e., Γ  1. A scenario of harder neutrino
spectra (but softer UHECR spectra) is, therefore, a nat-
ural consequence of the unified UHECR/neutrino model
for ultra-relativistic sources.
An example of the ultra-relativistic scenario is
shown in Fig. 5. The hard neutrino spectrum ∝
E
−(αCR−αγ+1)
ν ∼ E−1.8ν falls off at ∼ 500 (50) PeV for
sources with Γ = 100 (1000). These spectra are consis-
tent with the IceCube EHE limit [45] based on the null
detection of & 10 PeV neutrinos. They represent a sce-
nario of ultra-relativistic sources with unified UHECR
and neutrino emission.
Since the cut-off energy of the neutrino spectrum de-
pends explicitly on Γ for a given optical depth, the con-
straints on L′γ ,Nγ , and τpγ0 exhibits a weak dependence
on Γ in the case of extremely relativistic sources that
yield hard neutrino fluxes. Fig. 6 displays the allowed
region of parameter spaces in the hard neutrino spec-
trum. Since Esynν ∝
√
L′γ/(Γτpγ0), a lower Γ excludes
super-luminous sources, because the neutrino intensity
at  PeV would overshoot the IceCube EHE limit.
Given that the spectral indexes αCR and αγ charac-
terize the emission environments, it is important to un-
derstand their allowed space in the unified source model.
Fig. 7 shows the constraints in the plane of αCR and Γ
for various values of the photon spectral power-law in-
dex αγ . The rapid fall-off structures observed at Γ ∼ 20
result from the spectral cut-off due to synchrotron cool-
ing. A higher Γ facilitates larger parameter spaces of αCR
and αγ as it avoids the EHE neutrino limit. The figure
also indicates that extremely relativistic cases, Γ ∼ 103,
would further extend the allowed parameter space. This
is because strong synchrotron cooling softens a fairly hard
spectrum of neutrinos, which would otherwise be incon-
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sistent with the IceCube observation.
Fig. 7 also indicates that harder UHECR proton emis-
sion αCR . 2.1 is nearly excluded, as discussed earlier.
This bound depends on the photon spectral index αγ in
a non-trivial way. The situation is illustrated in Fig. 8.
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FIG. 8. An example of neutrino energy spectra from the hard
UHECR flux with αCR = 2.1. In this example, L
′
γ , NΓ, and
τpγ0 are 8.4 × 1046 erg s−1, 3.0 × 10−10 Mpc−3, and 0.42,
respectively, which give a magnetic field of B′ = 0.91Γ2 G
with ξB = 0.1. The case of αγ = 1.0 is not consistent with
the IceCube diffuse νµ analysis [4].
The cases of αγ = 1.1 and 1.2 are allowed but αγ = 1.0
is inconsistent because it is too soft to be allowed in
the diffuse νµ observations (condition (b) described in
Sec. II A). The IceCube data favors a harder spectrum
when we assume a lower side of the allowed intensity re-
gion E2ν/dJνe+νµ+ντ /dEν ∼ 1× 108 GeV cm−2 s−1 sr−1
which is the only possibility that allows for consistency
with the UHECR flux.
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C. Cases of UHECR nuclei
The recent observations by Auger indicate that UHE-
CRs are likely to have a mixed composition that is dom-
inated by intermediate to heavy nuclei at the highest en-
ergies. This adds important conditions to the possible
classes of the sources. That is, we require that nuclei with
A > 1 and Z > 1 are accelerated and survive. The max-
imum proton energy can be lower, but the survival con-
ditions constrain the source environments more strongly
as investigated for GRBs [37, 55] and AGNs [25, 56].
The luminosity requirement (Eq. 1) is significantly re-
laxed in the cases of heavy nuclei. The condition by
tacc < tsyn is similarly imposed via Eq. (15). The new
requirements originate from the photodisintegration of
nuclei. As in the proton case, we focus on the situation
wherein the system is effectively optically thin to pho-
todisintegration and photo-meson production, in which
t′acc < t
′
dis is automatically satisfied. In this case, t
′
dis is
the photodisintegration energy loss time.
After the nuclei are accelerated, they must survive pho-
todisintegration while they leave the sources. The sur-
vival condition is more severe [37, 57]. The photodisinte-
gration cross-section is larger than that for photo-meson
production, which gives the optical depth:
τAγ(εi) ≈ 2
1 + αγ
L′γ0
4piRΓcε′γ0
(∫
ds
σAγ(s)
s−m2A
)(
εi
ε˜GDRi0
)αγ−1
(28)
where ε˜GDRi0 is introduced as
ε˜GDRi0 =
sGDR −m2A
4
Γ
ε′γ0
=
sGDR −m2A
s∆ −m2p
ε˜∆p0, (29)
where sGDR = m
2
A + 2mAε¯GDR is the Mandelstam
variable at the giant dipole resonance, where ε¯GDR ≈
42.65A−0.21 MeV is the resonance energy. The photo-
disintegration process is dominated by the giant dipole
resonance. This relates τAγ to τpγ as
τpγ0 ≈ τAγ(εmaxi )
∫
ds
σpγ(s)
s−m2p∫
ds
σAγ(s)
s−m2A
[(
sGDR −m2A
s∆ −m2p
)(
ε˜∆p0
εmaxi
)]αγ−1
(30)
The importance of this relationship was highlighted
in Ref. [37] (see also Eq. 6 of Ref. [57]). The survival
condition is imposed by t′dyn < t
′
dis, which leads to
τAγ(ε
max
i ) . A, (31)
which is analogous to Eq. (17). We get
τpγ0 . A
∫
ds
σpγ(s)
s−m2p∫
ds
σAγ(s)
s−m2A
[(
sGDR −m2A
s∆ −m2p
)(
ε˜∆p0
εmaxi
)]αγ−1
.
(32)
In particular, for αγ = 1.0, this leads to τpγ ∼ τpγ0 .
0.4 (A/56)
0.79
, which is equivalent to Eq. 10 of Ref. [57].
( Note that the value itself can be enhanced by the
quasideutron process, baryon resonances and photofrag-
mentation.). We require this survival condition in addi-
tion to Eqs. (1), (15) and (16). It should be noted that
this constraint is stronger for αγ > 1.
The aforementioned requirements of the sources are
applied independently of the details of the UHECR com-
position. However, the constraints from the diffuse
UHECR and neutrino fluxes depend on the composition.
Even if UHECRs are dominated by nuclei, the lower-
energy cosmic rays that are responsible for IceCube neu-
trinos may be proton dominated, in which the diffuse
constraints remain unchanged from those obtained in the
previous subsections. However, if the cosmic rays are
dominated by heavy nuclei even at lower energies, the
constraints are modified. We hereby consider such cases.
The astrophysical neutrino flux from the UHECR nuclei
can be approximately described using a treatment similar
to the case of proton-dominated UHECRs, if the UHECR
sources are effectively transparent to the photodisinte-
gration process. The neutrino flux due to photo-meson
production via secondary nucleons and primary nuclei is
given by
E2ν
dJν
dEν
≈ [1− (1− κpγ)τpγ ][1− (1− κdis)τAγ ]E2i
dJCR
dEi
+ [1− (1− κmes)τmes ](1− κdis)τAγE2i
dJCR
dEi
(33)
With τmes ∼ τpγ and κmes ∼ κpγ , we approximately
obtain
E2ν
dJ
(A)
ν
dEν
≈ E2A
dJ
(p)
ν
dEν
A2−αCR . (34)
This is simply because a neutrino with Eν mainly orig-
inates from nuclei with EA ∼ 20AEν . Thus, the diffuse
constraints derived because the proton composition is re-
garded as conservative.
We “require” that the sources should be effectively
transparent to the photodisintegration process, and the
spectrum of escaping cosmic rays should be the same as
that of the accelerated rays up to Emaxi . We assume
that the flux of escaping UHECRs is the same as that of
the accelerated UHECRs up to Emaxi As previously dis-
cussed, the spectrum of escaping cosmic rays can be sig-
nificantly different. This is usually expected in radiation-
rich environments such as GRBs [37] and blazars [25].
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However, diffuse environments such as galaxy clusters
are also plausible examples [6]. In general, such a case
requires detailed analyses but analytical formulas are ad-
equate for this work.
Fig. 9 shows the resultant constraints (for αγ = 1.0).
In this case, we consider silicon (A = 28) UHECRs as a
benchmark. Both the acceleration and escape conditions
are considered. The allowed region in the L′γ −NΓ plane
is similar but wider than that of the proton-dominated
case. The allowed region for τpγ0 is smaller in the nuclei
case because of the nucleus-survival condition – a photon
field that facilitates the survival of nuclei is indicative
of a low efficiency of photo-meson production. For the
nucleus-survival condition, the constraints become even
more stringent as indicated by the vertical line in the
figure. This may suggest that fine-tuning is needed to
build a viable model of UHECR nuclei sources. When the
target photon spectrum is softer, the resultant parameter
space is even smaller compared to the proton-dominated
case.
V. CANDIDATE SOURCES
In this section, we consider different source classes.
The list of candidate sources for the unified photo-
hadronic scenario is given in Table I.
A. High-luminosity gamma-ray bursts
HL GRBs are among the most powerful gamma-ray
transient sources, which are classically attributed to ra-
diation from nonthermal electrons. They are also po-
tential candidate sources of UHECRs because of their
high luminosity and large Lorentz factors [58–60] (see
also Refs. [37, 61, 62] for applications to nuclei). With
Lγ ∼ 1051−53 erg s−1 and Γ ∼ 300 [63], we have
the comoving (isotropic-equivalent) luminosity, L′γ ∼
1046−48 erg s−1. The magnetic energy density is assumed
to be comparable to that of the radiation luminosity if
the synchrotron peak is near the observed peak energy at
εbγ ≈ Γ~γ′b2 eB
′
mec
∼ 300 keV. This implies B′ ∼ 103−105 G
for the electron Lorentz factor γ′b ∼ 103−104. This can be
compatible with ξB ∼ 0.01−100. UHECR acceleration is
allowed based on the luminosity argument [37, 64]. The
low-energy index of the target photon spectrum (below
the peak energy near εbγ ∼ 1 MeV) is relevant for UHE-
CRs, typically αγ ∼ 1, in which the photo-meson produc-
tion optical depth is approximately energy independent
(although multipion production enhances it by a factor
of 3 [36]). The apparent rate density of HL GRBs and
the duration are ρ ∼ 1 Gpc−3 yr−1 [65] and ∆T ∼ 30 s,
respectively. This gives n0 ∼ 10−15 Mpc−3. The con-
straint shown in Fig. 3 indicates that NΓ ∼ 10−9 Mpc−3
(see also Figs. 2 and 5 for the cases with Γ ∼ 100−1000),
which leads to ξCR ∼ 10(Γ/300)−2. This is consistent
with the value required based on the GRB-UHECR hy-
pothesis [37].
One of the advantages of HL GRB models is that the
steepening of neutrino spectra above a few PeV energies
can readily be explained (see Fig. 2). This is because
the strong cooling of pions and muons suppresses the
high-energy neutrino spectrum [11]. However, the photo-
meson production optical depth required for the unifica-
tion model is τpγ ∼ 0.1 − 0.6, which strongly constrains
the HL GRB models. HL GRBs are so bright that stack-
ing limits are very impactful, and the recent IceCube
analysis gives the stringent limit, τpγ . 0.05 [66–68] and
challenges the GRB-UHECR models [69, 70]. The null
detection of cosmogenic neutrinos by IceCube also sub-
stantially constrained the possibility that the HL GRBs
are a significant population of UHECR sources [46].
Thus, although the allowed parameter space may be
compatible with the GRB models, we conclude that HL
GRBs are unlikely to provide a unified explanation for
UHECRs and PeV neutrinos.
B. Low-luminosity gamma-ray bursts and
transrelativistic supernovae
Engine-driven supernovae with a Lorentz factor of
Γβ & 0.1 − 1 have been proposed as the main sources
of UHECRs [13–15, 37, 71]. Note that this category
includes LL GRBs like GRN 060218 [72], peculiar hy-
pernovae like SN 2009bb [73], and fast-rising blue op-
tical transients such as AT2018cow [73, 74]. If the jet
scenario is assumed, with Lγ ∼ 1046−48 erg s−1 and
Γ ∼ 3, we have L′γ ∼ 1045−47 erg s−1. The luminos-
ity requirement can be satisfied only for optimistic pa-
rameters, e.g., Lγ ∼ 1048 erg s−1, but it can be more
readily fulfilled if UHECRs are heavy nuclei, as opposed
to considering protons [37, 75]. The rate density and du-
ration are ρ ∼ 100− 1000 Gpc−3 yr−1 and ∆T ∼ 3000 s,
respectively [72, 76, 77], which should be compared to
NΓ ∼ 10−9 Mpc−3 from Fig. 3. The effective number
density is n0 ∼ 10−11 − 10−10 Mpc−3 and the condition
can be satisfied if ξCR ∼ (1− 10)(Γ/3)−2.
The peak energy of GRB 060218 and GRB 100316D
is εbγ ∼ 1 − 10 keV [76]. The magnetic field strength
is not well understood, but ξB ∼ 0.1 − 10 is expected
in the case of the synchrotron. For αγ ∼ 1, the opti-
cal depth required for photo-meson production is esti-
mated to be τpγ ∼ 0.01− 1 [13]. It should be noted that
such a hard photon spectrum is necessary to maintain
consistency with optical observations [13, 75]. Thus, we
conclude that LL GRBs could be viable sources of high-
energy neutrinos and UHECRs if the luminosity is higher
and/or if cosmic rays are nuclei, which is consistent with
previous works [37, 78].
However, it should be considered that the mechanism
of prompt emission from LL GRBs is still under de-
bate, and another (more promising) possibility is the
shock breakout scenario [76], in which gamma rays are
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FIG. 9. Same as Fig. 3 but show the case of primary silicon nuclei. In the left plot, the constraints for the silicon case is
overlaid with the proton case for comparison. The horizontal belt represented by the darker shade shows the systematics of
UHECR energetics that originate due to the uncertainties associated with the mass composition and galactic to extra-galactic
transition of UHECRs [38]. The darker shaded region in the right panel represents the allowed space when the nuclear-survival
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TABLE I. Characteristic parameters of the candidate sources of UHECRs and high-energy neutrinos.
HL GRB LL GRB Newborn magnetar Jetted TDEs Blazar Flares Jetted AGN
Lγ [erg s
−1] 1051−53 1046−48 1042−44 1045−48 1045−48 1043−48
Γ 100− 1000 2− 30 ? 3− 100 3− 100 3− 100
ρ [Gpc−3 yr−1] 0.1− 1 100− 1000 1000− 10000 0.01− 0.1 100− 1000 —
∆T [s] 10− 1000 100− 10000 102−5 105−7 105−7 —
attributed to shock breakout from a mildly relativistic
outflow (that may be driven by a jet). In this sce-
nario, UHECRs are unlikely to be generated during the
prompt phase [79]. Although IceCube neutrinos are ex-
plained by choked jets or transrelativistic shocks in a
dense wind [80], UHECRs acceleration is attributed to a
later transrelativistic component that is decelerated over
the time scale of weeks or months [31].
C. Newborn magnetars
Some of the supernovae are more powerful than or-
dinary supernovae, and are referred to as hypernovae.
Their ejecta are either nonrelativistic or transrelativistic
(i.e., the Lorentz factor is Γβ & 0.1 − 1), which may be
driven by some central engine with possible candidates
that include a newborn magnetar (e.g., [81]), a fallback
disk around a black hole (e.g., [82]), and collisions with
dense circumstellar material (e.g., [83]).
We discuss the newborn magnetar scenario that has
been widely discussed in the recent literature. The spin-
down luminosity is Lsd ∼ 3 × 1049 erg s−1 for a mil-
lisecond rotating magnetar with a dipole magnetic field
of ∼ 1015 G. Efficient ion acceleration could occur inside
a relativistic wind [84], in which the square of the addi-
tional factor θmag = Rs2pi/(cP ) ∼ 0.2(P/1 ms) should be
included as part of the luminosity requirement. Although
the UHECR acceleration is possible in this magnetar sce-
nario [84], the photons associated with the dissipation of
Poynting dominated winds should be thermalized inside
the supernova ejecta. Therefore, our power-law assump-
tion for the photon spectrum may not hold. Furthermore,
the model typically predicts neutrino emission in the EeV
range rather than in the PeV range [16, 17]. As such, it is
difficult to explain the situation of IceCube neutrinos in
the PeV range using the fiducial model. Thus, this model
is not discussed in further detail. Finally, we also note
that the IceCube EHE neutrino limit in the EeV range
has already started to strongly constrain the magnetar
scenario [46].
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D. Tidal disruption events
TDEs originate from the disruption of a main-sequence
star or white dwarf by a supermassive black hole or an
intermediate-mass black hole, respectively. Some of the
TDEs have powerful jets, and the X-ray luminosity of Sw
J1644+57 was Lγ ∼ 1047−48 erg s−1 [85]. For Γ ∼ 10,
we have L′γ ∼ 1046−47 erg s−1. Thus the luminosity re-
quirement can be satisfied [86]. The apparent rate den-
sity and duration are ρ ∼ 0.01 − 0.1 Gpc−3 yr−1 and
∆T ∼ 3× 106 s, respectively. Thus the effective number
density becomes n0 ∼ 10−12 − 10−11 Mpc−3. In com-
parison to NΓ ∼ 10−9 Mpc−3 from Fig. 3, the condition
for the unification of UHECRs and PeV neutrinos can be
satisfied if ξCR ∼ (1− 10)(Γ/10)−2.
The most common explanation for x rays from Sw
J1644+57 is non-themnal synchrotron emission, and the
peak energy is εbγ ≈ Γ~γ′b2 eB
′
mec
∼ 100 keV [85], which
imples that B′ ∼ 102 − 104 G for the electron Lorentz
factor γ′b ∼ 104−105. These can be compatible with ξB ∼
0.01− 100. However, provided that we consider UHECR
production inside jets of TDEs such as Sw J1644+57,
strong radiation fields lead to τpγ0  1 [87], which makes
it difficult to find parameters that satisfy the constraints
in Fig. 3. The problem is worse if we require the nucleus-
survival condition because nuclei are disintegrated in the
presence of such intense radiation fields [20, 31]. It has
been suggested that hypothetical low-luminosity or low-
state TDEs with Lγ ∼ 1045−46 erg s−1 are necessary for
nuclei to survive, based on which the UHECR flux could
be explained [20, 31]. Alternatively, cosmic-ray acceler-
ation at external shocks formed by jets or winds is also
possible [31, 88], although efficient PeV neutrino produc-
tion is not expected in these scenarios.
Our results imply that low-luminosity TDEs that al-
low τpγ0 . 1 can satisfy the required conditions for the
unification model, but nuclei rather than protons are
required to obtain the highest energies. Correspond-
ingly, the required cosmic-ray loading factors would be
larger. With NΓ ∼ 3 × 10−8 Mpc−3, we obtain ξCR ∼
(30− 300)(Γ/10)−2 (see also [20, 21, 31]). However, it is
unlikely that TDEs are the common sources of IceCube
neutrinos and UHECRs for several different reasons. It
has been shown that it is difficult for TDEs to be the
dominant population in the diffuse IceCube flux. TDEs
are so rare that the limits due to the absence of neutrino
multiple sources in the IceCube data are stringent [87].
Furthermore, there is no evidence of positive neutrino
signals from Sw J1644+57 and other TDEs [89]. Re-
cently, it has been claimed that IceCube-191001A could
coincide with TDE AT2019dsg [90, 91], but the physical
association is still questionable [92] although AT2019dsg
is thought to be a rare, luminous class of TDEs.
E. Blazar flares and jetted active galactic nuclei
Some active galactic nuclei (AGNs) have relativistic
jets, and such jetted AGNs are considered as promising
candidate sources of UHECRs and high-energy neutri-
nos. Recent studies have argued that steady emission of
jetted AGNs is unlikely to be the source of UHECRs, es-
pecially if the UHECR composition is dominated by pro-
tons. Fanaroff-Riley II (FR II) galaxies and flat-spectrum
radio quasars (FSRQs) can satisfy the Hillas condition,
Eq. (1), but they are too rare in the local universe within
100 Mpc [93, 94]. This difficulty can be overcome if the
UHECRs are accelerated during the active/flaring phase,
for which the luminosity requirement is satisfied [95, 96].
A typical AGN luminosity is Lj ∼ 1044 erg/s, and the
isotropic-equivalent luminosity can be enhanced by 2/θ2j .
The importance of flaring emission has been strength-
ened based on the recent discovery of IceCube-170922A
that coincided with the flaring blazar TXS 0506+056 [97],
although this blazar was not favored as an UHECR ac-
celerator [98].
The magnetic field strength can be estimated from the
Compton dominance parameter. The leptonic modeling
of FSRQs often suggests U ′γ & U ′B , and B′ ∼ 0.1− 10 G
is typically expected for FSRQs [26, 99], which corre-
sponds to ξB . 0.01 − 1. However, the survival of
heavy nuclei is typically difficult in FSRQs, whereas low-
luminosity BL Lacs allow nuclei to survive, although the
photo-meson production optical depth is expected to be
low [25, 26]. In the leptohadronic scenario (which in-
cludes the proton synchrotron scenario), higher magnetic
fields, B′ ∼ 10 − 100 G, may be required [100, 101] but
such highly magnetized environments may be highly de-
manding for jet physics and may be contradictory to the
nucleus-survival condition (see Eq. 16).
Furthermore, UHECR emission from Fanaroff-Riley
(II) galaxies/FSRQs is not favored given that strongly
evolved UHECR sources are not favored by the IceCube
EHE limit [46] as well as constraints from the absence
of small-scale anisotropies. Thus, it is unlikely that the
jetted AGNs are responsible for the observed UHECRs if
they are dominated by protons.
Ref. [26] proposed the scenario whereby EeV neutrinos
are dominated by FSRQs, whereas UHECRs are domi-
nated by BL Lac objects (see also Ref. [102]). However,
the spectrum of neutrinos is typically expected in the
EeV range, so the IceCube neutrino flux is not accounted
for simultaneously. The reason is as follows. The photo-
meson production efficiency cannot decrease with the in-
crease of energy. Even for FSRQs, where external radi-
ation fields are usually dominant as target photons, τpγ
has an energy-independent behavior beyond the pion pro-
duction threshold due to the multipion production [26].
For BL Lacs, radiation from inner jets is typically more
important, and the rectangular approximation around
the ∆ resonance can be justified. Then, from Eq. (12),
1 PeV neutrinos typically originate from photons with
∼ 0.8 (Γ/10)2 keV. Except for extremely high syn-
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chrotron peaked BL Lacs, the spectral index in the X-ray
range is around αγ ∼ 1.5−3, so the number of target pho-
tons is larger at lower energies. As a result, for both BL
Lacs and FSRQs, the spectrum of neutrinos is predicted
to be hard in the PeV range since Φν ∝ E−(αCR+1−αγ)ν as
shown in Eq. (A3) (e.g., [22, 23, 26, 103–105] for model-
dependent numerical calculations). This contradicts the
diffuse limits [46] if the cosmic-ray spectrum is extended
to ultrahigh energies with a simple power law [98, 106].
For example, the conclusion determined based on the
model-dependent calculations for BL Lacs (that may al-
low the survival of nuclei) can be interpreted using Figs. 5
and 6 considering our generic, model-independent con-
straints. To compensate for a soft target spectrum with
αγ > 1, a softer UHECR spectrum is required to supply
the substantial amount of PeV energy cosmic rays as dis-
cussed in Section IV B. For αγ = 1.5 and αCR = 2.3, we
see that the model violates the IceCube EHE limit un-
less Γ is very large. Given that Γ . 10− 100 is expected
for blazars, the cosmic-ray spectral index αCR must be
larger than 2.3 (see Fig. 7). Such cases are not excluded
but the required energetics is more demanding.
VI. SUMMARY AND DISCUSSION
We explored the viability of the unification model
for UHECRs and IceCube neutrinos considering photo-
hadronic scenarios, in which neutrinos are produced by
the interactions between high-energy ions and low-energy
photons. The results are summarized as follows.
• By requiring necessary conditions for UHECR
sources, including those for acceleration (i.e., the
Hillas condition) and survival, we obtained con-
straints on the photo-meson production optical
depth in the UHECR sources. We further com-
bined these source constraints with observational
constraints imposed by the neutrino data from Ice-
Cube as well as the UHECR data from Auger.
• We found the viable parameter space required to
explain the diffuse high-energy neutrino flux above
100 TeV energies and the UHECR flux above
10 EeV, simultaneously. The allowed regions of
τpγ0 and QCR = NΓL
′
γ depend on αCR, αγ , and
Γ. For αCR = 2.2 and αγ = 1.0, we found 0.1 .
τpγ . 0.6 regardless of Γ, which can be shifted to
lower values for larger αCR and/or smaller αγ . We
also suggested the cooling break scenario, wherein
the observed softness of the neutrino spectrum in
the multi-PeV range can be explained by the sup-
pression due to the cooling of mesons and muons.
• The Auger data on the UHECR composition have
suggested that the UHECRs are likely to be domi-
nated by intermediate to heavy nuclei above the an-
kle. The existence of nuclei imposes an additional
condition on their survival due to the photodisin-
tegration process. We showed that the allowed pa-
rameter space is narrower than the case of only pro-
tons. This is mainly because the nucleus-survival
condition results in tighter upper limits on the
photo-meson production optical depth, therefore,
it is more difficult for hard CR spectra and/or soft
photon spectra to match the IceCube data. This
situation is even more prominent if the observed
neutrinos originate from nuclei rather than pro-
tons because the neutrino intensity is suppressed by
Aαcr−2 compared to the proton case (see Eq. 34).
For example, with αCR ∼ 2.3 and αγ ∼ 1.0 in the
silicon composition case, we obtained τpγ ∼ 0.1 ∼
0.2, which is consistent with the nucleus-survival
bound derived by Ref. [57]. The allowed parameter
space is almost unique for αCR ∼ 2.3 and αγ ∼ 1.0,
which can be used as one of the critical tests for
the unification model with cosmic-ray accelerators.
• In general, we derived more conservative con-
straints that are imposed by matching the IceCube
data without overshooting the Auger data. The al-
lowed parameter space is extended, especially for
steeper cosmic-ray spectra,because larger values of
the photo-meson production optical depths are pos-
sible. It should be noted that in this case, the pro-
ton component is subdominant so UHECRs should
be dominated by nuclei for a viable unification
model.
• Based on the conditions derived in this work, we
examined different classes of astrophysical sources
that could be viable as the sources of pγ neutrinos
for the unification model. We found that among the
known source classes, LL GRBs and jetted TDEs
can be viable, but the results of recent studies sug-
gest that the latter source class is likely to be sub-
dominant as the origin of the diffuse neutrino flux.
However, we stress that our constraints are generic,
and we do not exclude the possibility of other un-
known source candidates.
The grand-unification model that accounts for the
gamma-ray data has been discussed, especially for the
hadronuclear scenario [6, 8]. We did not explicitly cal-
culate the extragalactic gamma-ray background that is
expected in the photohadronic scenario for the unifica-
tion model, because it is highly model-dependent. In
our case, gamma rays produced inside the sources are
likely to be cascaded inside the sources. There is a corre-
spondence between the optical depth to the γγ → e+e−
process and the pγ optical depth τpγ . Lower limits of
the pγ optical depth [33] suggest that it is more natural
for the sources to be optically thick to GeV-TeV gamma
rays [35]. However, there is an unavoidable contribution
of cosmogenic gamma rays induced by UHECRs, which
can give rise to a significant contribution to the extra-
galactic gamma-ray background, especially in GRB and
AGN models that have strong redshift evolution.
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We note that the main purpose of this work is to ob-
tain necessary constraints for the unification model with
photohadronic neutrinos. As shown in this work, even
the necessary conditions impose strict constraints, and
can allow us to determine some implications for various
types of possible candidate sources. We expect that the
quantitative fitting of the data is possible but detailed
analyses are left for future work. In this case, we note
that there is a large uncertainty that originates from the
UHECR escape mechanism. In the cosmic-ray acceler-
ator models that are considered in this work, the pa-
rameter αCR should be regarded as the spectral index of
the accelerated cosmic rays, which can be significantly
different from that of the escaping UHECRs, especially
for transient sources [15, 19, 31]. As a result, the spec-
trum of UHECRs injected into intergalactic space can be
harder [107]
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Appendix A: Analytical Formulas for calculating neutrino flux
The energy flux integral, Eq. (25), is transformed to the neutrino intensity bases as
Φν(Eν) =
cn0
4pi
∫ zmax
0
dzψ(z)(1 + z)
∣∣∣∣ dtdz
∣∣∣∣ dN˙νdεν (εν , z), (A1)
The energy distribution of neutrinos generated from an interaction that appeared in Eq. (21) is given by
Y (εν ; εi, s) =
1
σpγ
∫
dεpi
dσpγξpi
dεpi
(εpi; εi, s)
dnpi→ν
dεν
(εν ; εpi), (A2)
where ξpi is the pion multiplicity and the last term is the neutrino spectrum from pion decay.
Following the analytical formulation in Ref. [33], we finally obtain
dJν
dEν
(Eν) ' n0τpγ0
(αCR + 1− αγ)2
KCR
εi0
c
H0
s∆√
(s∆ +m2pi −m2p)2 − 4s∆m2pi
3
1− rpi
(
Eν
εi0(x
+
R(1− rpi))
)−(αCR+1−αγ)
ζ. (A3)
The factor of three corresponds to the number of neutrinos produced from the pi meson and µ lepton decay chain.
The factor ζ is the term that accounts for the redshift dependence and is given by,
ζ =
[
I1(zdown, zµ) +
1
3
I1(zµ, zpi)+
2
3
(
Eν
Γε
′syn
µ
)−2
I2(zµ, zmax) +
1
3
(
Eν
Γε
′syn
pi
)−2
I2(zpi, zmax)
 (A4)
I1(z1, z2) =
2
2(m− αCR + αγ)− 3Ω
−m−αCR+αγ3
M
[{
ΩM(1 + z2)
3 + ΩΛ
}m−αCR+αγ
3 − 12 − {ΩM(1 + z1)3 + ΩΛ}m−αCR+αγ3 − 12 ] ,
I2(z1, z2) =
2
2(m− αCR + αγ)− 7Ω
−m−αCR+αγ−23
M
[{
ΩM(1 + z2)
3 + ΩΛ
}m−αCR+αγ
3 − 76 − {ΩM(1 + z1)3 + ΩΛ}m−αCR+αγ3 − 76 ] .
The redshift bound zdown and zpi,µ are the bounds of the redshift on the UHECR sources that contribute to the
neutrino flux, which are constrained by the pγ interaction threshold and the synchrotron cooling of pion (muon),
respectively. They are described as
1 + zdown =

1 + zmax
(
Eν <
s∆−m2p
4(1+zmax)
Γ
ε′γmax
x+R(1− rpi)
)
s∆−m2p
4
Γ
ε′γmax
x+R(1−rpi)
Eν
(
s∆−m2p
4(1+zmax)
Γ
ε′γmax
x+R(1− rpi) ≤ Eν ≤
s∆−m2p
4
Γ
ε′γmax
x+R(1− rpi)
)
1
(
s∆−m2p
4
Γ
ε′γmax
x+R(1− rpi) < Eν
)
,
(A5)
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and
1 + zpi,µ =

1 + zmax
(
Eν <
Γε
′syn
ν,pi,µ
1+zmax
)
Γε
′syn
ν,pi,µ
Eν
(
Γε
′syn
ν,pi,µ
1+zmax
≤ Eν < Γε′synν,pi,µ
)
1
(
Γε
′syn
ν,pi,µ ≤ Eν
)
.
(A6)
The third (fourth) term in the bracket in Eq. A4 represents the spectrum of neutrinos from synchrotron-cooled
muons (pions). It should be noted that zdown ≤ zµ < zpi as the synchrotron loss determines the maximal energy of
neutrinos in the presented model and ε
′syn
ν,µ < ε
′syn
ν,pi . ε
syn
ν,pi/µ = Γε
′syn
ν,pi/µ is given by Eq. (23).
x+R in Eqs. A3 and A5 is the maximal bound of the relative energy of emitted pion normalized by the parent
cosmic-ray energy. They are represented by a kinematic relation (see Eq.(6) of Ref. [48]),
x+R =
(s∆ +m
2
pi −m2p) +
√
(s∆ +m2pi −m2p)2 − 4s∆m2pi
2s∆
. (A7)
Appendix B: Analytical formulas for estimating extragalactic UHECR intensity
The spectrum of UHECRs injected from sources is assumed to follow a power-law form, that is
dN˙CR
dεi
=
KCR
εi0
(
εi
εi0
)−αCR
e−εi/ε
max
i . (B1)
UHECRs propagate in extragalactic space and interact with CMBs via the Bethe-Heitler (BH) process γCMBp →
pe+e− and the photopion production. In the present study, we approximate that the energy attenuation length of
UHECR is constant with energies between EBH and EGZK governed by the BH process, written as λBH, and becomes
another constant value λGZK at energies above EGZK where the photopion production dominates the UHECR energy
loss processes. This approximation reasonably describes the UHECR energy loss profile for the calculation of the
resultant UHECR intensity on the Earth [108], although a more accurate estimation with a precision better than
a factor of two requires dedicated numerical simulations. We set EGZK = 6 × 1010 GeV and EBH = 2 × 109 GeV,
respectively.
The behaviors of UHECR propagation can then be described by classifying their energies into five ranges for an
UHECR source with a redshift of zs, (A) εi < EBH/(1 + zs), (B) EBH/(1 + zs) ≤ εi, Ei < EBH, (C) EBH < Ei, εi ≤
EGZK/(1 + zs), (D) EGZK/(1 + zs) ≤ εi, Ei < EGZK, and (E) EGZK ≤ Ei.
1. εi < EBH/(1 + zs) - The region of redshift loss only
When the UHECR energy for a source of redshift zs is below the BH energy threshold εBH = EBH/(1 + zs),
only redshift energy loss occurs during the propagation. Given that Ei = εi/(1 + zs), this condition is equal to
1 + zs <
√
EBH/Ei. The UHECR spectrum from this source is given by
dN˙CR
dEi
=
KCR
εi0
(1 + zs)
−(αCR−1)
(
Ei
εi0
)−αCR
. (B2)
Here Ei = εi/(1 + zs) is the observed UHECR energy.
The UHECR intensity is given by
dJCR
dEi
=
n0c
H0
zUB∫
zLB
dzs
ψ(zs)
(1 + zs)
√
ΩM(1 + zs)3 + ΩΛ
dN˙CR
dEi
, (B3)
where n0 is the comoving UHECR source number density in the local universe and ψ(zs) is the cosmological
evolution factor of UHECR sources and parameterized as (1 + zs)
m up to zs = zmax. zUB and zLB are the lower and
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maximal bound of the source redshift distribution zs, respectively. Since 1 + zs <
√
EBH/Ei, and UHECR sources
are distributed between zs = 0 and zs = zmax, zUB in the integral of Eq. B3 that is described by zBH, which is a
function of the UHECR energy on the Earth, Ei, and given by
1 + zBH =

1 + zmax
(
Ei <
EBH
(1+zmax)2
)√
EBH
Ei
(
EBH
(1+zmax)2
≤ Ei < EBH
)
1 (EBH ≤ Ei) .
(B4)
Obviously zLB = 0.
Putting Eq. B2 into Eq. B3, we get
dJCR
dEi
' n0KCR
εi0
c
H0
(
Ei
εi0
)−αCR 1
2(m− αCR)− 1Ω
−m−αCR+13
M
[{
ΩM(1 + zBH)
3 + ΩΛ
}m−αCR
3 − 16 − 1
]
(B5)
In this case, we use the approximated expression for the integral of the source redshift described in the appendix of
Ref. [33].
2. EBH/(1 + zs) ≤ εi, Ei < EBH - The region of partial BH process and redshift loss
In this energy range, UHECR proton is subject to the redshift loss and the BH process during its propagation until
its energy reaches the threshold energy of the BH process. Let us denote the redshift when the proton energy is equal
to the BH threshold energy as z = zBH. In propagating from z = zBH to z = 0, only the redshift dilution reduces its
energy. In this case, the UHECR proton energy on the Earth is related to EBH by Ei = EBH/(1 + zBH)
2. Hence zBH
is effectively represented by Eq. B4. The UHECR proton energy at source εi is related to EBH as
εi = EBH
1 + zs
(1 + zBH)2
e
c
H0λBH
2
3ΩM
{
√
ΩM(1+zs)3+ΩΛ−
√
ΩM(1+zBH)3+ΩΛ} (B6)
The UHECR spectrum from a source is given by
dN˙CR
dEi
=
∫
dεi
dN˙CR
dεi
δ(Ei − EBH
(1 + zBH)2
)
=
c
2H0λBH
KCR
εi0
(1 + zs)
−(αCR−1)
(
EBH
εi0
)−αCR (1 + zBH)2αCR+3√
ΩM(1 + zBH)3 + ΩΛ
×e−(αCR−1) cH0λBH 23ΩM {
√
ΩM(1+zs)3+ΩΛ−
√
ΩM(1+zBH)3+ΩΛ}.
(B7)
Given that zs ≥ zBH in this category of Ei range, the resultant intensity of the UHECRs emitted from all sources
in space is then calculated using Eq. B3 with zLB = zBH and zUB = zmax. We get
dJCR
dEi
' n0KCR
εi0
c
H0
(
EBH
εi0
)−αCR 1
2(αCR − 1)
(1 + zBH)
2αCR+3√
ΩM(1 + zBH)3 + ΩΛ
×[
(1 + zBH)
m−αCR−2 − (1 + zmax)m−αCR−2e−(αCR−1)
c
H0λBH
2
3ΩM
{
√
ΩM(1+zmax)3+ΩΛ−
√
ΩM(1+zBH)3+ΩΛ}
]
.
(B8)
In this case, we focus on the leading terms of O(c/H0λBH) after integrating the formula over zs.
The UHECR intensity at an energy below EBH is obtained based on the sum of Eqs. B5 and B8.
3. EBH < Ei, εi ≤ EGZK/(1 + zs) - The region of BH process and redshift loss
In the energy region above EBH but for sources with an emitted UHECR energy that is less than the photopion
production threshold energy εGZK = EGZK/(1+zs), the UHECR energy loss profile during the propagation is governed
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by the BH process and the redshift loss during the entire path from z = zs to z = 0. Given that εi is related to the
UHECR energy on the Earth by
εi = Ei(1 + zs)e
c
H0λBH
2
3ΩM
{
√
ΩM(1+zs)3+ΩΛ−1}, (B9)
the condition of εi ≤ EGZK/(1 + zs) can be rewritten as the boundary condition of zs:√
ΩM(1 + zs)3 + ΩΛ ≤ 1 + H0λBH
c
3ΩM
2
ln
(
EGZK
Ei(1 + zs)2
)
. (B10)
It sets the maximal redshift of the sources that constitute the left and right-hand-side in the preceding equation to
be equal to each other. Denoting this solution by zGZKBH (Ei), the upper bound in the redshift integral of Eq. B3, zUB,
is described by zGZKBH (Ei), which is is a function of Ei and classified in a similar form to Eq. B4 as
1 + zGZKBH =

1 + zmax
(
Ei < zGZKBG
−1
(zmax)
)
1 + zGZKBH (Ei)
(
zGZKBH
−1
(zmax) ≤ Ei < zGZKBH
−1
(0)
)
1
(
zGZKBH
−1
(0) ≤ Ei
)
,
(B11)
since the source redshift zs is in the range of zs = 0 and zs = zmax. In this case zGZKBH
−1
is an inverse function that
resolves z = zGZKBH (Ei).
The UHECR spectrum from a source is given by
dN˙CR
dEi
=
KCR
εi0
(1 + zs)
−(αCR−1)
(
Ei
εi0
)−αCR
e
−(αCR−1) cH0λBH
2
3ΩM
{
√
ΩM(1+zs)3+ΩΛ−1}.
(B12)
The redshift integral represented by Eq. B3 with zUB = z
GZK
BH and zLB = 0 then gives the UHECR source intensity
from sources with zs ≤ zGZKBH . We obtain
dJCR
dEi
' n0KCR
εi0
λBH
(
Ei
εi0
)−αCR 1
αCR − 1
[
(1 +
m− αCR − 2
αCR − 1
H0λBH
c
)
−{(1 + zGZKBH )m−αCR−2 +
m− αCR − 2
αCR − 1
H0λBH
c
(1 + zGZKBH )
m−αCR−5}e−(αCR−1) cH0λBH 23ΩM {
√
ΩM(1+zGZKBH )
3+ΩΛ−1}
]
.
(B13)
In this case, we keep terms up to the second-order for O(c/H0λBH) when we integrate the formula over zs.
4. EGZK/(1 + zs) < Ei, Ei < EGZK - The region of partial GZK and BH process
In this energy range, the UHECR energy loss profile is similar to that described in section B 2, but now involves
photopion production. UHECRs emitted from a source at z = zs lose their energies via photopion production until
their energies become less than the threshold energy of the photo-hadronic interactions. The BH pair production
and the redshift energy loss determines the UHECR energy profile thereafter. This transition occurs at a redshift of
z = zGZKBH . The UHECR energy on the Earth Ei is then written as
Ei =
EGZK
(1 + zGZKBH )
2
e
− cH0λBH
2
3ΩM
{
√
ΩM(1+zGZKBH )
3+ΩΛ−1}. (B14)
It should be noted that zGZKBH is related to the UHECR energy at a source of εi since εi is associated with EGZK via
the photopion production and redshift energy loss during the propagation from z = zs to z = z
GZK
BH . It is given by
εi = EGZK
(1 + zs)
(1 + zGZKBH )
2
e
c
H0λGZK
2
3ΩM
{
√
ΩM(1+zs)3+ΩΛ−
√
ΩM(1+zGZKBH )
3+ΩΛ}.
(B15)
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The UHECR spectrum is calculated as
dN˙CR
dEi
=
∫
dεi
dN˙CR
dεi
δ(Ei − EGZK
(1 + zGZKBH )
2
e
− cH0λBH
2
3ΩM
{
√
ΩM(1+zGZKBH )
3+ΩΛ−1})
=
c
H0λGZK
KCR
εi0
(1 + zs)
−(αCR−1)
(
EGZK
εi0
)−αCR
(1 + zGZKBH )
2αCR−2 1
2
√
ΩM(1+zGZKBH )
3+ΩΛ
(1+zGZKBH )
5 +
c
H0λBH
1
(1+zGZKBH )
2
×
e
c
H0λBH
2
3ΩM
{
√
ΩM(1+zGZKBH )
3+ΩΛ−1}−(αCR−1) cH0λGZK
2
3ΩM
{
√
ΩM(1+zs)3+ΩΛ−
√
ΩM(1+zGZKBH )
3+ΩΛ}. (B16)
Using Eq. B3 with zUB = zmax and zLB = z
GZK
BH , the UHECR intensity is then written as
dJCR
dEi
=
c
H0
n0
KCR
εi0
(
EGZK
εi0
)−αCR 1
αCR − 1(1 + z
GZK
BH )
2αCR−2 e
c
H0λBH
2
3ΩM
{
√
ΩM(1+zGZKBG )
3+ΩΛ−1}
2
√
ΩM(1+zGZKBH )
3+ΩΛ
(1+zGZKBH )
5 +
c
H0λBH
1
(1+zGZKBH )
2
×
[
(1 + zGZKBH )
m−αCR−2 − (1 + zmax)m−αCR−2e−(αCR−1)
c
H0λGZK
2
3ΩM
{
√
ΩM(1+zmax)3+ΩΛ−
√
ΩM(1+zGZKBH )
3+ΩΛ}
]
.
(B17)
In this case, we only focus on the first-order terms of O(c/H0λGZK).
The UHECR intensity at an energy between EBH and EGZK is obtained by the sum of Eqs. B13 and B17.
5. EGZK ≤ Ei - The region of GZK process only
UHECRs in this energy region only originate from a source within the GZK sphere of R . λGZK. εi is related to
the UHECR energy on the Earth by
εi = Ei(1 + zs)e
c
H0λGZK
2
3ΩM
{
√
ΩM(1+zs)3+ΩΛ−1}. (B18)
Repeating the similar described procedures, the UHECR intensity is given by
dJCR
dEi
' n0KCR
εi0
λGZK
(
Ei
εi0
)−αCR 1
αCR − 1
[
1− (1 + zmax)m−αCR−2e−(αCR−1)
c
H0λGZK
2
3ΩM
{
√
ΩM(1+zmax)3+ΩΛ−1}
]
.
(B19)
Although we obtained the analytical formula of dJCR/dEi, we numerically integrated the analytically obtained
dN˙CR/dEi over a source redshift in Eq. B3 to calculate UHECR flux in the presented study described in this report.
In the construction of the unification model, the energy density of UHECR protons are the most relevant, rather
than the detailed spectral shape, because cosmic-ray proton emission power from sources at cosmological distances
is directly related to the observed neutrino intensity. The applicability of the presented analytical formulation for
estimating the energy density is demonstrated by comparisons between the estimate obtaining using the analytical
formula and that obtained using a full numerical calculation. We refer to the setup of the “proton dip” model in
Ref. [54] because it facilitates straightforward comparisons. The energy density per unit volume obtained based on
robust numerical calculations for source evolution correspond to a star formation rate of 7.5× 1044 erg yr−1 Mpc−3
(αCR = 2.5) above 10
18 eV, whereas we obtained 9.3× 1044 erg yr−1 Mpc−3. For a stronger evolution that represents
powerful radio galaxies (FR-II), the full simulation gives 4.2×1044 erg yr−1 Mpc−3 (αCR = 2.3) whereas the analytical
formula yields 3.4×1044 erg yr−1 Mpc−3. We determined that the present approximated analytical formula functions
for the required precision of the generic unification model, considering that the other uncertainties of the source are
larger than the accuracy we obtained.
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